1. Introduction. Let G be an abelian group of order k. Given a sequence of elements a 1 , . . . , a n in G (possibly with repetitions), a t-sum is a sum of the form a i 1 + . . . + a i t (i 1 < . . . < i t ). In [6] Erdős, Ginzburg and Ziv proved an important result in Combinatorial Number Theory, which states that if n = 2k − 1 then some k-sum is 0. Since then, numerous other proofs and generalizations of this result have been given (see for example In this paper we shall prove several results concerning k-sums for abelian groups of order k. Our first result here is the following theorem, which settles a conjecture of Bollobás and Leader (see [3, Section 2]).
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From Theorems 1 and 2 we see that to estimate the minimum number of k-sums for a sequence of elements of G with length k + r that does not have 0 as a k-sum, it suffices to consider the problem in the case of G non-cyclic and
i.e., the minimal n such that, whenever a 1 , . . . , a n ∈ G, some non-empty sum of the a i is 0. We remark here that Eggleton and Erdős [5] have proved that D(G) ≤ k/2 + 1 for any abelian non-cyclic group G of order k.
The following result can be easily deduced from Theorem 1 and the theorem of Olson and White [7] , so its proof is omitted.
Theorem 3. Let G be an abelian non-cyclic group of order k, and let
We do not know whether the bound of Theorem 3 is sharp in general. It should be mentioned here that in the case of G = Z 2 n Bollobás and Leader have conjectured that the bound in question is n(r − n + 3)
Preliminary lemmas.
In the proof of Theorems 1 and 2 we need the following two well known results. The first follows from Corollary 2.3 of Alon [1] , and the second is Lemma 1 of Olson and White [7] . Lemma 1. Let G be an abelian group of order k, and let a 1 , . . . , a n be a sequence of elements of G in which no value is repeated l + 1 times. If n ≥ k then the sequence has a t-sum equal to 0 for some 1 ≤ t ≤ l. (ii) If N k+r (A) = r + 1 then A must be of the form stated in Theorem 2.
Translating (which does not affect k-sums), we may assume that 0 is the most often repeated value in A. Let L be the subsequence of all 0 in A, and write l = |L| (here and below |X| denotes the length of a sequence X). Clearly l ≤ k − 1. We distinguish two cases. If H = ∅, we claim that all elements in H are also equal to c. Suppose that there exists a x ∈ H with x = c (note that x = 0). Removing x and r−1 zeros from A we obtain a sequence of length k. Since N k+r (A) = r + 1, the sum of all elements of this sequence must be equal to some k-sum obtained in the above. It follows that there exists an integer t (1 < t ≤ r) such that x = tc. Then, replacing x in H by t elements c of A\L ∪ H, we obtain a subsequence H of A\L summing to 0; but |H | > |H|, contradicting the maximality of H. Hence the elements of A\L are all equal. This completes the proof of (ii) in Case 1.
Case 2: l ≤ r. Then |A\L| ≥ k. By repeatedly applying Lemma 1 we can find a system of subsequences S 1 , . . . , S q of A\L with the following properties:
(where S q−1 is interpreted to be ∅ when q = 1). Write
Then by (4), |A\L ∪ S| < k. Let H be a subsequence of maximal cardinality of A\L ∪ S summing to 0, and let h = |H|. Then 0 ≤ h ≤ k − 1; and, in analogy to (1) , l + h ≤ k − 1. We claim that
To see this, we first note that |H ∪ Hence C has at least N r+1 non-empty sums. We shall prove that L ∪ S ∪ C has at least N r+1 l + s + 1-sums. To do this it suffices to show that for each i-sum σ i of C (1 ≤ i ≤ r + 1), L ∪ S ∪ C has an l + s + 1-sum equal to σ i . We first note that s ≤ r < l + s by using (4), (5) and
It follows that C with l + s + 1 − i zeros from L appended has an l + s + 1-sum equal to σ i . Thus we are done unless s > l + 1. In the latter case, for l + 1 < i < s + 1,
Recalling that |S v+1 | ≤ l, by ( Finally, since l ≤ r and |C| = r + 1, the elements in C cannot be all equal (recalling the definition of l). Hence, by Lemma 2, C has at least r + 2 non-empty sums and thus we must have N k+r (A) > r + 1 in Case 2.
The proof of Theorems 1 and 2 is now complete.
